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We found the analytial solution to the problem of the skin eet for
Maxwell plasma with the use of the kineti equation, where the frequeny
of eletron ollisions is onstant. We use the speular reetion of eletrons
from the surfae as a boundary ondition. The behavior of an impedane
near to a plasma resonane is onsidered. We onsider limiting ases of skin
eet.
PACS numbers:52.35 - g; 52.20 - g; 52.25 - b
Introdution. Skin eet is the plasma response to variable eletromagneti
eld, tangential to the surfae [1, 2℄.
First, the analytial solution of the skin eet problem at any value of
anomaly parameter was found in [3℄ and [4℄ for plasma in metal. For the
gas plasma, the orresponding solution is onsidered in [5℄. There has been
substantial interest to this problem [6, 7, 8, 9, 10℄. In [5℄, the behavior of
plasma near the resonane is not onsidered. Also, researh of impedane
with displaement urrent near to resonane isn't arried out in the previous
works. For example, the displaement urrent isn't taken into aount in [2℄.
Researh of surfae impedane near to plasma resonane isn't arried out in
the rest of works. We researh the behaviour of impedane near to plasma
resonane with the displaement urrent in this paper.
In this paper we ontinue the development of an analytial method of
solving boundary problem for systems of equations for the eletri eld in
half-spae gas plasma. The basis of the method is the idea of the symmetrial
ontinuation of the eletri eld to the onjugate half-spae. We provide the
analytial solution of the boundary problem of the skin eet theory for
2eletron plasma, that lls the half-spae. We formulate analytial expressions
for eletri eld, distribution funtion of eletrons and impedane.
We assume that eletromagneti wave is inident normally to the interfae
of the plasma. In suh onguration, the eletri eld of eletromagneti wave
has only tangential omponent. We use the speular eletron reetion from
interfae as boundary ondition. The interfae of ions on the ondutivity of
plasma is not onsidered.
1. Problem statement and basi equations.
Let Maxwell plasma lls the half-spae x > 0, where x is the oordinate
orthogonal to plasma boundary. Let the external eletri eld has only y
omponent. Then the self-onordane eletri eld inside in plasma also has
only y omponent Ey(x, t) = E(x)e
−iωt
. Let us take the kineti equation for
distribution funtion of eletrons:
∂f
∂t
+ vx
∂f
∂x
+ eE(x)e−iωt
∂f
∂py
= ν(f0 − f(t, x,v)). (1)
In (1) ν is the frequeny of eletron ollisions with ions, e0 is the harge
of eletron, f0(v) is the equilibrium Maxwell distribution funtion,
f0(v) = n
(
β
pi
)3/2
exp(−β2v2), β = m
2kBT
.
Here m is the mass of eletron, kB is the Boltzmann onstant, T is the
temperature of plasma, v is the veloity of the eletron, n is the onentration
of eletrons, c is the speed of light.
The eletri eld E(x) satises Poisson's equation
E ′′(x) +
ω2
c2
E(x) = −4piie
iωtωe
c2
∫
vyf(t, x,v) d
3v. (2)
Assume that the intensity of an eletri eld is suh that linear approximation
is valid. Then distribution funtion an be represented in the form:
f = f0 (1 + Cy exp(−iωt)h(x, µ)) ,
whereC =
√
βv is the dimensionless veloity of eletron, µ = Cx. Let l = vT τ
be the mean free path of eletrons, vT = 1/
√
β, τ = 1/ν. We introdue the
3dimensionless values:
t1 = νt, x1 =
x
l
, e(x1) =
√
2e
ν
√
mkBT
E(x1).
Below, instead of x1 we shall write again x. In new variables, the kineti
equation (1) and the equation on a eld with the displaement urrent (2)
beome
µ
∂h
∂x
+ z0 h(x, µ) = e(x), z0 = 1− iωτ, (3)
e′′(x) +Q2e(x) = −i α√
pi
∞∫
−∞
exp(−µ′2) h(x, µ′) dµ′, Q = ωl
c
, (4)
where δ =
c2
2piωσ0
is the lassial depth of the skin layer, σ0 =
e2n
mν
,
α =
2l2
δ2
, what α as the anomaly parameter.
We formulate the boundary onditions for the distribution funtion of the
eletron in ase of the speular eletron reetion from the surfae:
h(0, µ) = h(0,−µ), 0 < µ < +∞. (5)
We use the ondition that funtion h(x, µ) vanishes far from the surfae:
h(+∞, µ) = 0, −∞ < µ < +∞, (6)
and onditions for eletri eld on the interfae and far from it:
e′(0) = es
′, e(+∞) = 0, (7)
where es
′
is the given value of gradient of eletri eld on the plasma interfae.
So, the skin eet problem is formulated ompletely. We seek solution of
system of the equations (3) and (4) in this problem that satisfy boundary
onditions (5)(7).
2. The analytial solution of the problem. As a rst step in the
soure method, we extend the eletri eld and distribution funtion to the
"negative" half-spae x < 0:
e(x) = e(−x), h(x, µ) = h(−x,−µ). (8)
After we substitute x = 0 to equation (8), we obtain that eletri eld
and distribution funtion of eletrons are ontinuous and the derivative of
4an eletri eld has disontinuity: e′(+0) − e′(−0) = 2es′. In aount of
this irumstane, we introdue term with Dira delta funtion to the eld
equation [10℄:
e′′(x) +Q2e(x)− 2e′sδ(x) = −i
α√
pi
∞∫
−∞
exp(−µ′2) h(x, µ′) dµ′, (9)
where δ(x) is the Dira delta funtion.
The third term in the left hand side of the equation (9) orresponds to
disontinuity of a derivative of the eletri eld for x = 0.
The solution of the (3), (9), (5)(7) an be sought as Fourier integrals (by
variable x):
e(x) =
1
2pi
∞∫
−∞
eikxE(k) dk, (10)
h(x, µ) =
1
2pi
∞∫
−∞
eikxΦ(k, µ) dk, (11)
δ(x) =
1
2pi
∞∫
−∞
eikx dk. (12)
We substitute (10)(12) into (3) and (9). We get the following system of the
harateristi equations:
(
Q2 − k2
)
E(k)− 2e′(0) = −i α√
pi
∞∫
−∞
exp(−µ2)Φ(k, µ) dµ,
Φ(k, µ)(z0 + ikµ) = E(k).
From these equations, we get spetral densities of the distribution funtion
and eletri eld, respetively:
Φ(k, µ) =
E(k)
ikµ+ z0
, (13)
E(k) = − 2e
′
s
k2λ(k)
, (14)
where
λ(k) = 1− Q
2
k2
− i α
k2
√
pi
∞∫
−∞
exp(−µ2) dµ
ikµ+ z0
.
5To nd the prole of the eletri eld in the half-spae, we substitute (14)
into (10):
e(x) = −e
′
s
pi
∞∫
−∞
eikx dk
k2λ(k)
. (15)
To get the funtion of the eletron distribution in the half-spae we substitute
(14) into (13). It is obvious that this spetral density is:
Φ(k, µ) = − 2e
′
s
(z0 + ikµ)k2λ(k)
. (16)
Now we substitute (16) into (11). We get
h(x, µ) = −e
′
s
pi
∫ ∞
−∞
eikxdk
(z0 + ikµ)k2λ(k)
.
3. The impedane evaluation.We introdue the dimensionless derease
of the eletri eld into the depth of plasma:
Λ(α,Ω) = −e(0)
e′s
, Ω = ωτ. (17)
From (15) this dimensionless derement is:
Λ(α,Ω) =
1
pi
∞∫
−∞
dk
k2λ(k)
=
2
pi
∞∫
0
dk
k2λ(k)
.
The value of the impedane an be alulated with the help of the formula
(see [1℄):
Z =
4piiω
c2
e(x)
de(x)
dx
∣∣∣∣
x=0
.
It should be noted that
de(x′)
dx′
=
de(x)
dx
· dx
dx′
= l
de(x)
dx
.
Thus, aording to the previous formula the impedane is
Z =
4piiωl
c2
· e(0)
e′s
,
or, taking into onsideration the equality (17),
Z = −i4piωl
c2
Λ(α,Ω). (18)
6Let us introdue parameter R, whih is equal to the modulus of impedane
in normal skin eet (when α≪ 1, Ω≪ 1)
R =
√
4piω
c2σ0
,
where σ0 is the stati eletrial ondutivity of plasma (for ω = 0). Now
formula (18) for the impedane an be written in the form Z = RZ0, where
Z0 is the dimensionless part of impedane,
Z0 = −i
√
αΛ(α,Ω). (19)
4. The analysis of the solution. We substitute the variable k = 1/t
to the integral (19). In this ase the dimensionless derement is:
Λ(α,Ω) =
2
pi
∞∫
0
dt
λ(1/t)
.
Here
λ(1/t) = 1−Q2t2 − αt
3
√
pi
∞∫
−∞
exp(−µ2) dµ
µ− iz0 t
.
We will present speial partial ases of formula (19).
We will start from the ase of the normal skin eet. In this ase
α≪ 1, Ω≪ 1, z0 = 1− iω ≈ 1.
We suppose that there is no urrent of the bias. In this ase the dimensionless
impedane depends on α is
Z0 = −i
√
α
2
pi
∞∫
0
dt
1− αt3 1√
pi
∞∫
−∞
exp(−u2) du
u− it
,
or, if we introdue
t0(iz) =
1√
pi
∞∫
−∞
exp(−u2) du
u− iz ,
the expression for the dimensionless impedane will be follows:
Z0 = −i
√
α
2
pi
∞∫
0
dt
1− αt3 t0(it)
.
7It should be noted that for the large t: t0(it) ≈ i/t. Therefore
Z0 = −i
√
α
1
pi
∞∫
−∞
dt
1− iαt2 = 2
√
α · Res
z=− 1−i√
2α
1
1− iα z2 =
1− i√
2
.
The expression Z0 =
1− i√
2
is a well-known lassial result [5℄.
We will onsider the anomalous skin eet in the low-frequeny limit, that
is, when α≫ 1, Ω≪ 1, z0 ≈ 1. In this ase for small t we have:
t0(it) ≈
1√
pi
∞∫
−∞
exp(−u2) du
u− it ≈ i
√
pi exp(−(it)2) ≈ i
√
pi.
Thus the non dimensional impedane is
Z0 = −i
√
α
2
pi
∞∫
0
dt
1− iα√pit3 .
We substitute the variable in this integral t = 1/k and obtain
Z0 = −i
√
α
2
pi
∞∫
0
k dk
k3 − iα√pi.
We substitute one more variable k = 3
√
α
√
pix, so
Z0 = −i
√
α
2 3
√
α
√
pi
pi
∞∫
0
x dx
x3 − i.
We onsider the integral
J =
∞∫
0
x dx
x3 − i = J1 + iJ2, J1 =
∞∫
0
x4 dx
x6 + 1
, J2 =
∞∫
0
x dx
x6 + 1
.
We will alulate the integral J1 with the use of residues. The funtion
under integral has simple poles in the points zk = exp
(ipi
6
(1 + 2k)
)
, k =
0, 1, 2. So
J1 =
1
2
∞∫
−∞
x4dx
x6 + 1
= pii
1∑
k=0
Res
z=zk
z4
z6 + 1
=
pii
6
( 1
z0
+
1
z1
+
1
z2
)
=
pi
3
.
8The seond integral is alulated by the deomposition of the funtion under
integral into elementary frations. As a result we have: J2 =
pi
3
√
3
. Thus,
J =
pi(
√
3 + i)
3
√
3
, and the expression for the non dimensional impedane is
Z0 =
2 6
√
α
3
√
3
(1− i
√
3),
whih also oinides with the lassial result [5℄.
Further, to study the impedane near to a plasma resonane, it is onvenient
to use the following dimensionless parameters:
γ =
ω
ωp
, ε =
ν
ωp
, where ωp =
4pie2
0
n
m
.
Here ωp is the plasma frequeny.
We express the parameters of the problem α,Ω, Q through γ, ε and vc =
vT/c, where vT = 1/
√
β is the heat veloity of the eletrons. We obtain that
α =
γv2c
ε3
, Q =
γvc
ε
, Ω =
γ
ε
.
We analyze numerially the growth of value of the modulus of impedane,
the real, imaginary parts of impedane and argument of impedane depending
on hange of value γ from 0.5 to 1.2 with various values of other parameters.
If we hange of the anomaly parameter α in the speied limits, the value
γ beomes γ = 1, that is ω = ωp i.e. the osillation frequeny of external
eld is the value of plasma frequeny. This is plasma resonane. It would
be interesting to onsider parameters of self-onordant eld near plasma
resonane. In onlusion we show the results of numerial analysis.
Conlusion. The analysis of plots in gure 1a shows that at the same
temperature of plasma, the maximum of the modulus of impedane is reahed
at γ = 1, i.e. for ω = ωp. Thus, the less is the eetive frequeny of eletrons
ollisions with partiles of plasma, the greater is the modulus of impedane.
From gure 1b we see that at the same frequeny of ollisions of eletrons
the maximum of the modulus of impedane is reahed at ω = ωp, independent
of the temperature. Atual urves in this gure are omputed for various
values of parameter vc = vT/c, whih depends on temperature (it is proportional
9to root square of temperature): vc =
√
2kBT/c2m. Thus the size of the
modulus of impedane dereases quikly with growth of temperature.
It is interesting to note that for derease redution of value ε from 10−2 to
10−4 (by two orders), the modulus of impedane also inreases by two orders,
more preisely 95 times. The temperature of the plasma here is 3000K. If
temperature of the plasma is 5000K, the modulus of impedane inreases by
97 times for the same redution in the value of ε.
For an inrease in the temperature of the plasma from 3000K (vc = 10
−3
)
to 5000K (vc = 13 · 10−3) the value of the modulus of impedane inreases
by 170 times, and for a hange in the temperature of the plasma from 1000K
to 3000K, the value of the modulus of impedane hanges only by a fator of
2.8. Thus, the growth of the modulus of impedane depends on the nonlinear
hange in temperature.
In gures 2a and 2b we show the plots of the real part of impedane
(more preisely, the plots of values Re (−Z0)). The analysis of plots in gures
2 shows that as the frequeny of ollisions of eletrons inreases, the value
Re (−Z0) grows at a onstant temperature.If the frequeny of ollisions of
eletrons is onstant,then this value grows as the temperature inrease.
Let us note, that in gures 1 and 2 we used the logarithmi sale for
vertial axes.
The analysis of dependene of argument of impedane on parameter γ
shows that near to plasma resonane, the argument of impedane has step
irrespetive of the frequeny of eletron ollisions (g. 3) and from temperature.
So, the numerial analysis of plots (g. 1, 2) shows that near to plasma
resonane, the modulus and imaginary part of impedane have the sharp
maximum, whih is absent in low-frequeny limit, or in the normal skin eet
theory, where the argument near to resonane has step, and the real part of
impedane has the sharp maximum.
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Fig. 1a. The modulus of impedane. For
the urves 1, 2, 3, ε = 10−4, 10−3, 10−2
respetively; and v
c
= 10−3.
Fig. 1b. The modulus of impedane. For
the urves 1, 2, 3, v
c
= 6 · 10−4, 10−3, 13 ·
10−3 respetively; and ε = 10−3.
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Fig. 2a. The real part of impedane. For
the urves 1, 2, 3, ε = 10−4, 10−3, 10−2
respetively; and v
c
= 10−3.
Fig. 2b. The real part of impedane. For
the urves 1, 2, 3, v
c
= 13 · 10−3, 10−3, 6 ·
10−4 respetively; and ε = 10−3.
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Fig. 3. The argument of impedane. For the urves 1, 2, 3, ε = 10−2, 10−3, 10−4
respetively; and v
c
= 10−3.
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